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Comment on “Geometric Phases and Hidden
Symmetries in Simple Resonators”
Lauber et al [1] experimentally studied the pattern of
Berry phases that emerges when a microwave cavity is
cyclically deformed around a rectangular shape. Stand-
ing electromagnetic waves in the cavity can be mapped
and the \wave functions" followed through the cyclic
deformation to measure the Berry phase. Apart from
the Berry phases, which were primarily of interest in ref
[1], those authors also noticed a curious symmetry: the
standing wave patterns at dierent deformations are re-
lated. Subsequent theoretical work [2,3] has claried the
pattern of Berry phases seen in the experiment. However,
the \hidden symmetry" seen in the experiment has not
been explained so far. The purpose of this comment is
to provide an understanding of the \hidden symmetry".
Consider a rectangular cavity with sides (a, b) having
n degenerate modes: the scalar Laplacian −r2 has n de-
generate eigenfunctions. If the cavity is deformed, the
degeneracy will in general be lifted by the perturbation.
Let us suppose that the deformation consists (as in the
experiment of [1]) of moving the corner around its un-
deformed position so that the rectangle is deformed to
a quadrilateral. This deformation can be eected [2]
in the formalism by performing a co-ordinate transfor-
mation x = u(1 + αv), y = v(1 + βu), where (α, β) =
(a,b)/ab, which maps the deformed rectangle in the
(x, y) plane to an undeformed rectangle in the (u, v)
plane. Transforming the Laplacian to curvilinear (u, v)
coordinates, we nd be H = −r2 = −1pg ∂∂xµ
p
ggµν ∂∂xν .
Matrix elements of H have the form < ψ1jH jψ2 >=






ggµν ∂∂xν ψ2. Ex-
panding to rst order in α, β, we then get H = H0 +H1,
where H0 = −(∂u∂u + ∂v∂v) and H1 = αf + βg, with
f = vX + uY , and g = −uX + vY , expressed in
terms of the dierential operators X = ∂u∂u − ∂v∂v and
Y = 2∂u∂v.
The unperturbed Hamiltonian H0 has the discrete
symmetries P1 : a ! a − u, P2 : v ! b − v, which
correspond to the mirror planes of the rectangular box.
We now restrict attention to the n dimensional degener-
ate subspace Hn of H0 and choose eigenstates of H0 to
have denite parity with respect to both these reflections.
In fact, we choose these in the form ji >= jnimi >=
(N ) sin niupia sin mivpib , where ni,mi are positive integers.










b2 for all i, j. In particular
ni = nj ) mi = mj . These states are also eigenstates of







b2 ). It follows that
< ijvX jj >= λj < ijvjj >= λj < nijnj >< mijvjmj >=
λiδij < mijvjmi >. From P2vP2 = (b − v), it follows
that < mijP2vP2jmi >= b < mijmi > − < mijvjmi >.
So we conclude that in Hn, vX = bX/2 and similarly
that uX = aX/2. The form of the perturbations is thus
f = bX/2 + uY, g = −aX/2 + vY .
In general the transformed perturbations f 0 =
PfP, g0 = PgP (where P = P1 or P2 or P12 = P1P2)
need not have any relation with f and g and then we
do not expect any relation between the perturbed eigen
functions. We would expect a \mirror symmetry" if
P takes f and g into some distinct linear combination
of themselves. Let V = af + bg = auY + bvY and
W = bf−ag = (a2+b2)X/2+buY −avY . It is easily seen
that V 0 = PV P is a linear combination of uY, vY and
Y . It follows from P2uY P2 = −uY , P1vY P1 = −vY ,
P1Y P1 = −Y that the matrices uY, vY and Y have van-
ishing diagonal elememnts. So V 0 can only be a multiple
of V , which from P 2 = 1 can only be σ = 1. Enumerat-
ing the four distinct possibilities gives the following cases:
(a) σ1 = σ2 = 1: In this case V vanishes identically
and the perturbations do not span a two dimensional
space and is therefore trivial.
(b) σ1 = σ2 = −1: In this case V = (a2 + b2)Y/2,
W = (a2 + b2)X/2.
(c) σ1 = −1, σ2 = 1: In this case Y = 0 and V = bvY
W = (a2 + b2)X/2− avY .
(d) σ1 = 1, σ2 = −1: Here also Y = 0 and V = auY
W = (a2 + b2)X/2 + buY .
In cases (b), (c) and (d) one can construct combina-
tions of (V,W ), say (F,G) which have denite and oppo-
site parity (F even and G odd, say) under either P1, P2 or
both. We can then choose coordinate axes such that H1
has the form H1 = F cos θ+G sin θ. Then states at θ and
−θ will be symmetry related. The experiment of Lauber
et al [1] fall under (b). In this case the symmetry related
deformations are related by reflection about a line per-
pendicular to the diagonal of the rectangle and passing
through the vertex of the rectangle. In cases (c) and (d)
the symmetry related deformations have a more compli-
cated relation. In summary, we have explained the mirror
symmetry of [1] in the framework of rst order perturba-
tion theory (see [3,4] for the limitations of this theory)
and noticed other situations where such symmetry may
be observed.
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